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Closed-Form Expressions for Higher Order Electroelastic
Tetrahedral Elements
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A finite element formulation for three-dimensional modeling of dynamic and static responses of structures with
piezoelectric components and the development of highly efficient closed-form expressions for element electro-
elastic stiffness matrices for straight-sided linear strain tetrahedral and quadratic strain tetrahedral elements are
presented. Included is a discussion of procedures for combining tetrahedra to produce hexahedral elements. Two
simple numerical examples are presented to illustrate the formulation.

Introduction

T HE finite element formulation for piezoelectric continua was
first presented by Allik and Hughes over 20 years ago.1 In their

pioneering work they established the principles involved in the for-
mulation of electroelastic finite elements with the implementation
of a constant strain tetrahedral (CST) element. Over the last decade
increasing interest in utilizing the piezoelectric effect in the design
of smart materials and structures has motivated other researchers
to develop new solid elements with incorporated piezoelectric
effect.2'3

Although the division of an arbitrary volume into individual brick
elements does not involve visualization difficulties or a high chance
of nodal numbering error, it is often necessary to use tetrahedra
to complete the subdivisions at curved boundaries. With advances
in computer graphics and automatic mesh generation routines, the
automatic development of tetrahedral element meshes has become
commonplace.

Considerable advancement has also been achieved in the use of
computers to perform symbolic mathematical operations. The appli-
cation of symbolic computation in the finite element analysis dates
back to the late 1970s.4 A primary application of this approach is
focused on the generation of explicit forms for element stiffness
matrices and equivalent nodal load vectors.5'6 Shiakolas et al.6 pre-
sented closed-form element stiffness matrices and equivalent nodal
loads for linear strain tetrahedral (LST) and quadratic strain tetra-
hedral (QST) elements with straight sides. It was found that the
element formulation computation times for LST and QST are made
significantly smaller by using these closed-form expressions instead
of numerical integration.6

The ability of tetrahedral elements to model complex shapes, the
significant reduction of computation time when replacing numerical
integrations by explicit expressions, and the complete polynomial
basis of these elements make them extremely well suited to solid
modeling applications.

In addition, brick-type elements can be produced by certain com-
binations of tetrahedral elements. This may be advantageous not
only in mesh visualization but also in discretization of the problem
domain using combined bricks and tetrahedra.

In the work presented here, the finite element formulation is ap-
plied to linear and quadratic strain tetrahedral elements with piezo-
electric effects. The element stiffness matrices and equivalent nodal
loads are developed in closed form by using a symbolic procedure.
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Arrangements of tetrahedra to make a hexahedral element are dis-
cussed, and the static condensation of resulting interior nodes when
the coupled equilibrium equations of piezoelectricity are involved
is formulated.

Finite Element Formulation
The direct and converse piezoelectric phenomena, which consists

of an interaction between the mechanical and electrical behaviors
of a material, can be expressed as follows:

[T] = [CE]{S] - (la)

(Ib)

Where, using Institute of Radio Engineers (IRE) standards, {T} is
the stress vector, [CE] the matrix of elastic coefficients at constant
electric field strength, {S} the strain vector, [e] the piezoelectric
matrix, {E} the electric field vector, {D} the electric displace-
ment vector, and [ss] the dielectric matrix at constant mechanical
strain.

The expressions for the kinetic energy and thermodynamic poten-
tial of a piezoelectric media when the effect of damping is neglected
are

(u}Tp{u}dV
1 C

n = - / ({S}T[CE]{S} - {S}T[e]{E} - {E}T[e]T{S}
L Jv

-{E}T[ss]{E})dV

(2a)

(2b)
where {«} is the time derivative of the displacement vector {w}, p
the mass density, and V the volume of the body. The mechanical
and electrical work, i.e., Wf and Wq, in the absence of body force,
body charge, point forces, and point charges are

vf= [ WT
JA\

-L
{T}dA

<t>{v}T{D}dA

(3a)

(3b)

where {7} is the surface traction, 0 is the potential difference, {*/}
is the vector of surface direction cosines, and Al and A2 are the
boundary regions where traction and potential difference are pre-
scribed, respectively. The derivation of electrical work is given in
Appendix A.

To obtain a finite element approximation to a general problem
defined by Eq. (1), the continuous displacements and electric po-
tential at any point within an element are interpolated from discrete
element nodal values using shape function matrices [Nu] and [N^]

[u} = [Nu]{ui] (4a)

(4b)
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where the respective vectors and matrices are expressed in more
detail as follows.

Vector of displacement field
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Consistent mass matrix

{11} = [ u ( x , y , z ) v(x,y,z) w(x,y,z)]T

Electric potential field

Matrix of displacement interpolation functions

M 0 0 N2 0 0 •
0 NI 0 0 N2 0 •
0 0 NI 0 0 N2 -

Matrix of electric field interpolation functions

[Nj] = [N{ N2 A/s • • • Nn]

Element nodal displacements

Element nodal electric potentials

(5a)

(5b)

(5c)

(5d)

(5e)

(5f)

In the preceding equations, n is the number of nodes employed in
defining the finite element. The linear and quadratic interpolation
functions for the tetrahedral element (in terms of volume coordinate
system) are presented in the next section.

Strains and electric fields are obtained by differentiation.7'8
Therefore,

where

{S} = [3]{u} = [Bu]{ut}

o 0dx
0 0

(6)

[Bu] = [3][NU] =
dy dx
0 — —

dz dy

— 0 —
_ dz dx

(7)

and

where

(8)

(9)

Substitution of the expressions for {«}, {<^>}, {S}, and {£} into Eqs. (2)
yields the kinetic and potential energy expressions for an element e

n, = !{«/}r[fcu,,]{H,-}

(lOa)

(lOb)

\= f [Nufp[Nu]dV
Jve

Elastic stiffness matrix

Piezoelectric stiffness matrix

f=fv[Bu]T[

Dielectric stiffness matrix

= f [B,f
Jv,
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(11)

(12)

(13)

(14)

Similarly, substituting the expressions for {«} and 0 in Eqs. (3)
results in the equivalent generalized loads, that is, the equivalent
nodal load vector

A,

and the equivalent nodal charge vector

(15)

(16)
A,

In the preceding, Ve and Ae denote the volume and surface of an
element, respectively. Considering {«/} and {0,-} as the generalized
coordinates, and applying the Lagrange's equations gives the equa-
tions of motion for each element, i.e.,

(17a)

(17b)
an,

yield

{«} + lkuu\{Ui} ,-} = [f}e (18a)

(18b)

respectively. The element matrices may be assembled to form the
representation of the problem in global variables {[/} and {<&}.
Thus,

[KUU]{U] = [F] (19a)

(19b)

where

[K,y] = [M] =

numel

(20)

where the matrices are defined as follows:

In some applications, such as in sensors, the potential difference
vector {<!>} is not of immediate interest, and it may be eliminated by
static condensation.1'2
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Tetrahedral Element Shape Functions
The shape functions for tetrahedral elements are described in

terms of a volume coordinate system and are defined as

i = 1,2,3,4 (21)

where V is the volume of the tetrahedron, and V; is the volume of the
subtetrahedron bounded by an interior point and the surface of the
tetrahedron opposite node / (Ref. 8). The equations relating the rect-
angular coordinates of an interior point to the volume coordinates
can be expressed as

and inversely

L2

X\

Z2 Z3
1 1

y*

1 .

L2

Li
(22)

X\ X2 X3 X4

yi y2 ya v4
Zl Z2 Zi Z4

_ l l l 1 .

— i
X

y
z
1

(23)

where #/ , y/ , and z/ are the coordinate locations of the element nodes.
Figure la shows the linear strain element LST with 10 nodes

and 30 degrees of freedom. The shape functions are given as vertex
nodes

Ni = (2Lt - 1)L, , i = 1, 2, 3, 4 (24a)

and midside nodes

Ni=4LmLn / = 5, 6, 7, 8, 9, 10 (24b)

where m and n are the vertex nodes of the edge with midside node /.
The quadratic strain tetrahedral element QST assumes 20 nodes,

one node at each vertex, two nodes on each of the six edges, and one
node at the centroid of each of the four faces (Fig. Ib). The shape
functions for the QST element are vertex nodes

Nt, = (3Lf - 1)(3L,- - 2)(L//2), i = 1, 2, 3, 4 (25a)

side nodes

Nf = lLjLk(3Lk - 1), i = 5, 6, . . . , 16 (25b)

and face nodes

N{ = 21LiLmLn, i = 17, 18, 19, 20 (25c)

where j and k refer to the vertex nodes closer to the side node, and
/, m, and n are the vertex nodes of the face node.8

Symbolic Computation
For LST and QST elements all electroelastic stiffness matrices

and mass matrices can be evaluated in closed form by means of the
equations derived by Eisenberg and Malvern.9

Similarly, the equivalent charge and load vectors can be obtained
explicitly by using

L alblcl x 2 x area (27)

where the & are area coordinates.7"10

The symbolic computer system Mathematica™ (Ref. 11) was
used to generate the closed-form expressions for stiffness matrices
and equivalent load and charge vectors. A dramatic savings in el-
ement formulation times can be realized as a result of using these
explicit expressions in lieu of performing numerical integration.6

Fig. 1 Tetrahedral elements.

Brick-Type Element
Whereas the brick element, because of its simple geometry and

ease of visualization, is commonly used in discretization of three-
dimensional problem domains, tetrahedral elements may be required
to model the regions near the boundary of domains with complex
shapes. Brick-type elements can be formed by assembling tetra-
hedral elements in several ways. Figure 2 illustrates two possible
alternatives. Six tetrahedra are combined in alternative Fig. 2a; and
the diagonal sides of the opposite faces are parallel, therefore, edge
and face node coincidence is insured when all of the adjacent ele-
ments are of the same brick-type element. The other arrangement
combines five tetrahedra and for compatibility requires the adjacent
elements to be alternatively of type Fig. 2b and 2c.

Configuration Fig. 2a with linear strain tetrahedra results in a
27-node brick, whereas, with quadratic strain elements, the brick
contains 64 nodes. The interior nodes can be condensed to make a
brick having 26 nodes for LST and 56 nodes for QST (Fig. 3).

Assembly and condensation can be done numerically or symboli-
cally. To maximize efficiency, the process of assembling six tetrahe-
dra to form brick element matrices and the condensation operation
were performed symbolically using Mathematica™ (Ref. 11).

Condensation of Interior Nodes
Degrees of freedom internal to brick-type elements may be elim-

inated by condensation. The size of the resulting stiffness matrix
is reduced. The reduction is more significant in the case of QST
brick-type element than for the LST element.

The term representing the effect of inertia in Eq. (19a) is zero for
the static loading case. Thus,

(28a)

(28b)

[KUU]{U] + [*„]{*} = {F}

[K»}{U] - [**]{*}.= [Q]

The interior node mechanical loadings are zero. Moreover, in a
piezoelectric material, charges can exist in the form of bound charges
on the boundary surfaces normal to the direction of polarization,
which means that the interior node have zero net charges, and the
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Evaluating {U°} from Eq. (29) and substituting into Eq. (31) gives

a)

b)

c)

Fig. 2 Various arrangements of tetrahedra to make a brick element:
a) six tetrahedra per cube and b) and c) five tetrahedra per cube.

a)LST

b)QST

Fig. 3 Brick-type elements.

potential difference for these nodes is consequently zero. Therefore,
from Eq. (28a)

TMMl/V'
LMMjv^

(29)

where [Ur] and {<t>r} are DOF to be retained, and {Uc} are internal
DOF to be eliminated by condensation. Eliminating [Uc] from Eq.
(29) yields

(M - Mt.^rM)^'* + (M - M
(30)

Similarly from Eq. (28b)

(31)

= fe r> (33)
Thus, the condensed electroelastic stiffness matrices from Eqs. (30)
and (33) become the following.

Elastic stiffness matrix:

= M - M M'1 M <34>
Piezoelectric stiffness matrix:

Dielectric stiffness matrix:

Numerical Examples
To demonstrate the validity of the closed-form expressions for

LST and QST elements and to verify the condensed electroelastic
stiffness matrices for the brick-type element, two numerical ex-
amples are considered. In the first example the actuator mode of
a bimorph piezoelectric beam which consists of two piezoceramic
layers with the same polarity is examined. The second example stud-
ies the sensor mode of a piezoceramic cube subjected to uniform
axial pressure. In both cases the material is piezoceramic PZT-4
whose properties are summarized in Table 1 (Ref. 12).

Actuator Example
Two piezoceramic beams with the same polarity are bonded to-

gether and fixed at one end to form a cantilever beam, Fig. 4. Apply-
ing a dc voltage in parallel connection across the thickness results in
the axial contraction of one layer and the axial extension of the other
one. The outcome of this electrical excitation is a static transverse
deflection.

Each layer of the cantilever beam is modeled with 25 elements;
Fig. 5 illustrates the finite element model and its deformed shape.
The deflection of the beam at several points along the neutral
plane was obtained for an applied electric potential of 100 V.
Figure 6 shows a comparison of the calculated results with the
theoretical solution. The theoretical solution is given by w(x) =

Table 1 Material properties for PZT-4

Elastic,
N/m2

Cfx 13.9 £10
Cf2 6.78 £10
Cf37.43£10
C3

£
311.5£10

C£ 2.56 £10

Piezoelectric,
C/m2

ei3-5.2
^23-5.2
£33 15.1

£42 12.7

£15 12.7

Dielectric,
N/V2

£11 6.45 £-9
£22 6.45 £-9
£33 5.62 £-9

C|63.56£10

Length, L-Q.1Q m
Width, b=0.01 m
Height, h=0.01 m
Electric potential, §=100 V

Fig. 4 Piezoceramic bimorph beam in parallel connection.
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Table 2 Nodal charges for LST brick-type element

Fig. 5 Finite element model and deformed shape (exaggerated).

— Theory
X LST element
T QST element

Fig. 6
100 V.

0 10 20 30 40 50 60 70 80 90 100 110
Distance from fixed end (mm)

Deflection of piezoceramic bimorph beam, supplied voltage :

direction of
polarization

T=l MPaA
Z

Fig. 7 Piezoelectric cube 0.02 x 0.02 x 0.02 m under uniaxial tension.

[-3(d3i0//*2);c2] where du is the piezoelectric constant obtained
from [d] = [CE]~l[e]', h is the total thickness of the beam; 0 is
the electric potential, that is, voltage; and x is the distance from
the fixed end (see Appendix B for a derivation of the theoretical
result).

Sensor Example
In this example the elementary problem of a piezoelectric cube

subjected to uniform axial pressure is examined. The geometry and
applied load are shown in Fig. 7. Because of the symmetry of load
and geometry, only one-eighth of the cube need be considered,
Fig. 8. The exact absolute value of the charge density Q, which
is developed on the surfaces normal to the direction of polarization,

Node 1 8

Charge 10-8C 0 0.509 0 0.509 1.019 0.509 0 0.509 0

Table 3 Nodal charges for QST brick-type element

Node Charge 10~8C Node Charge 10~8C

1
2
3
4
5
6
7
8

1.019
1.146
1.146
0.509
1.146
2.293
6.879
1.146

9
10
11
12
13
14
15
16

1.146
6.879
2.293
•1.146
0.509
1.146
1.146
1.019

n

6"

..•'x
4

9'1

8 .

a) LST

IH-

5 ^ 12

>3 •!

•2 .-6 »10

I/ 5 9

16 ,
/

•15 /

b)QST

Fig. 8 Finite element models.

is given by Q — \Td^\ where ^33 is the piezoelectric constant.
Both linear strain and quadratic strain brick-type elements are used
to model the cube. The nodal charges developed due to an external
pressure of 1 Mpa are listed in Tables 2 and 3. The node num-
bering for these nodal charges is specified in Fig. 8. The charge
density for both models are calculated as 30 x 10~5(C/w2) which
is in agreement with the theoretical values. [It should be noted that
the LST element corner nodes do not carry any charges, and the
nonzero values always appears at the midside nodes. This is solely
due to the properties of the LST shape functions that were used
in Eqs. (24). Different results would be expected if different shape
functions were used.]

Conclusion
The finite element formulation has been implemented for linear

and quadratic strain tetrahedral elements with piezoelectric effects.
The closed-form expressions for electroelastic stiffness matrices and
equivalent nodal loads and charges are developed. Significant time
savings which can be achieved when explicit expressions are used
as compared with numerical integration was discussed.

A brick-type element which can simplify the mesh visualization
and problem domain discretization when using combined tetrahedra
and bricks was presented, and the static condensation of the interior
nodes for the brick-type element was formulated. Numerical exam-
ples which demonstrate the validity of the development have been
presented.
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Appendix A: Derivation of the Electrical Work
The electrical work in terms of electric displacement [D] and

electric field {E} is

= / [D}T{E}dV (Al)

where V is the volume. The electric field {E} in terms of the potential
difference </> can be expressed as

(A2)

where

(V}= — —-

is the vector differential operator. Substituting Eq. (A2) into Eq.
(Al) and using the following vector identity

(A3)

gives

W, = -

-/' •L
(A4)

From Maxwell's equation it can be written

{V}T{D} = Pf (A5)

where Pf is the free-charge density.12 For piezoelectric materials
which are considered to be polarizable but not magnetizable pf — 0,
therefore, the second term in Eq. (A3) becomes zero. Thus,

Wq = - f{V}T((/>{D})dV
Jv

Applying the divergence theorem to Eq. (A6) results in

Wq = - [ <I>{v}T{D}dA
JA

(A6)

(A7)

where {f} is the vector of surface direction cosines and A is the area.

Appendix B: Derivation of the Transverse Deflection
for Piezoelectric Bimorph Beam

The derivation of deflection is based on the assumptions involved
in the classical (Euler-Bernoulli) beam theory. According to this the-
ory, which is applicable to the beams with h/L <£ I and b/h <£ I
(see Fig. Bl), a plane initially normal to the midsurface remains
plane and normal and without strain in the thickness direction. Ad-
ditionally, all of the action, loads, and responses are in the x-z plane,
and there are no stresses, strains, displacements, or loads in the y
direction.13 These assumptions, accordingly, require that

Sz = Sy = Sxz = Syz = v0 =

U(x) = UQ — Z-

(Bl)

(B2)

Fig. Bl Stress resultants.

\
Electric Field Polarization

Fig. B2 Electric field and polarization in parallel connection.

where UQ and VQ are the in-plane middle surface displacements
(z = 0), and w is the lateral deflection. Figure Bl shows the
stress quantities for the beam when subjected to the lateral and
in-plane loads.

The constitutive equation representing the direct piezoelectric
effect is12

where [SE] is the compliance matrix at constant electric field
strength. For transversely isotropic piezoceramics, this equation can
be expressed as

1- c -•Xc
coy

Sxy

SXZ

-Syz-

—

+

~ cE cE cE n n n ""
Oii ^19 *^1^ U U U

.cE cE cE n n nOio ^11 ^1^ U U UL£ 11 U

•S13 S13 S33 0 0 0

0 0 0 S^ 0 0
0 0 0 0 5 ^ 0

0 0 0 0 0 1 1 ~ 1 2
2 J

•o o d3r
0 0 d3i
0 0 d33

0 dis 0
di5 0 0
. 0 0 0 ^

_ rri _
x

Ty

Txy

Txl
-TyZ-

P n
Ey (B4)

-EZ-

Introducing the assumptions for classical beam theory into the pre-
ceding relations and considering only the first equation results in

92^-=r, + ̂ £, (B5)

Multiplying Eq. (B4) by z dz and integrating across the thick-
ness yields

32w
a?

where =r nr
J(-h/2) $11

Ezzdz,
/

A/2

. -A/2)

(B6)

(B7)

For a piezoelectric bimorph beam, when no mechanical loads are
applied, Mx = 0, therefore,

\—— =
) dx2 ~

(B8)

Moreover, for the same beam in electrical parallel connection when
the thickness for each layer is constant, Fig. B2, the electric field is
for the upper beam: Ez = 2((f)/h) and for the lower beam: Ez =
—2((/>/h). Substituting Ez in Eq. (B6), gives the expression for the
bending moment due to piezoelectric actuation, i.e.,

/

h/2 , /»0 ,
— F d = - I o
CE LzZ aZ ~ I <?E h

(h/2) °11 J-(h/2) *lln

/
d^\ C/310/1

2——cpz dz = ———
Snh 2Sn

(B9)
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Thus, the governing differential equation of piezoelectric bi-
morph beam in parallel connection, on substitution of Eq. (B8) into
Eq. (B7), is determined to be

32w --6
h2

(BIO)

Solving Eq. (BIO) and applying the boundary conditions for a can-
tilever beam, i.e., w = dw/dx = 0 at x = 0, gives the following
expression for the transverse deflection of a piezoelectric bimorph
beam:

(Bll)
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